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Abstract 

We compute 1-loop correction Ei to tlie energy of folded string in AdS^ x 
(carrying spin S in AdS^ and momentum J in S^) using a "long string" 
approximation in which S ^ J ^ 1. According to the AdS/CFT the function 
El should represent first subleading correction to strong coupling expansion of 
anomalous dimension of higher twist SL{2) sector operators of the form TiD^ . 
We show that Ei smoothly interpolates between the InS* regime (previously 
found in the J — > case) and the \/J^\n^{S/J) regime (which is the leading 
correction to the thermodynamic limit on the spin chain side). This supports 
the universality of the In S scaling. As in the previous work, we also find "non- 
analytic" corrections related to non-trivial 1-loop phase in the corresponding 
Bethe ansatz S-matrix. 
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1 Introduction and Summary 



Logarithmic scaling of anomalous dimensions of composite operators with large Lorentz 
spin S is of major importance in QCD and was recently also at the center of attention 
in planar A/" = 4 SYM theory in the context of AdS/CFT. Ref. pQ made a remarkable 
observation that the logarithmic behaviour A = S + {kiX + k2\'^ + ...) InS" + 0(5"°) 
previously known at weak 't Hooft coupling should continue also at strong coupling: 
the classical energy of a folded rotating string in AdS^ which should be dual to a 
minimal twist operator scales at large A and large as Eq = S + ^\nS + 0{S'^). 

Ref. [2] made a next step by computing the leading quantum string 1-loop (^) cor- 
rection El to the string energy, confirming that, as at weak coupling, all terms growing 
faster than logarithm of 5* cancel out so that one ends up with Ei = — In S+0{S^). 
This provided strong support to the conjecture that in planar Af = 4 SYM theory the 
coefficient of In 5 (i.e. the "scaling function" or "cusp anomalous dimension" [31 HI [5]) 
should be a function of A that smoothly interpolates between the weak and strong 
coupling regimes 

A = E = S + fiX)\nS + 0{S^) . (1.1) 

Arguments in favour of such interpolation (based on Fade approximations) were further 
advanced in |6]. 

Ref. [2j also generalized the rotating folded string solution of [3 [T] to the case when 
the string center of mass is also moving along big circle of so that the string is 
carrying in addition to the Lorentz spin S an 5*0(6) spin J. Introducing large non- 
zero J is important in particular since it makes it easier to identify the corresponding 
dual gauge theory operators as belonging to the SL{2) sector [HI [9] in gauge theory 
|10j : ii{D^Z^) + ... (here D is I.e. covariant derivative and Z is a complex scalar). 
While J = 2 corresponds to the minimal-twist case, the opposite case of large J and 
small S" is a BMN-type [TT] limit. Since J plays the role of the spin chain length on 
the gauge theory side having both 5* and J large is important in order to be able to 
apply the thermodynamic limit approximation and, more generally, to be able to use 
the asymptotic Bethe ansatz of [T2l 113] in the first place. 

The classical string energy for this solution turned out to be a complicated function of 
two arguments Eq = \^8{S, v), S = = (given by a solution of two equations 
involving Jacobi elliptic functions) but it simplifies in various special limits. First, one 
may consider either "short" (vT+1^ ^ 25) or "long" string. In the "short string" 
limit [21 [in] with J > S* one gets the BMN-type scaling Eq = J + S^l + + In 
the "long string" limit S ^ V^, S ^ J and one should further distinguish the two 
cases [2]Q 

(i) "slow long string" J < v^ln ^ in which case Eq ^ S + ^\nS + + 
i.e. one recovers the In S scaling of the J = case even though J may still be large in 

*Here "slow" and "fast" refers to the string center of mass motion. 
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absolute terms since 

(i) "fast long string" S ^ J ^ V^ln^ in which case one finds a familiar "fast 

spinning string" Pj scaling ^ 5 + J[l + ;^/ii(f ) + ^/z2(f ) + ...] with /ii = 2^1n^f, 
h2 ~ l'^^ f ) 6tc. As was shown in [10] (see also ^\), the leading hi term here is 
reproduced as the corresponding term in the 1-loop anomalous dimension on the gauge 
theory side, implying its non-renormalizability as one goes from weak to strong coupling 
in the above large charge limit. 

More recently, ref. [15] made an interesting observation that the expressions for the 
string energy in [21 [TD] imply that the In'^-terms appearing in the "fast long string" 
case can be resummed in a closed form: in the case when J ~ In the energy can 
be written as 



Eo = S + jJl + ^\n''-^ + ... = S + JVi + ^ + ... , (1.2) 
which is valid when 

a/a 5* 

S* ^ J and X = — - In — = fixed . (1.3) 

vrJ J 

Remarkably, this formula captures both the "slow long string" limillfl and the "fast long 
string" limit smoothly interpolating between them: 

B„(,»l).S+^,„^ + _^ + .... (1.4) 

^„(.«l).5+.+ ^l,4-^l,4.^,n»f^.... ,1.5) 

In this paper we will extend the computation [2] of string 1-loop correction Ei = 
£^i(^, ■^) to the energy of folded spinning string to the case of J 7^ in the parameter 
space region (11.31) and thus find a closed expression for the 1-loop string counterpart 
of the classical expression ( 11. 2p . The result can be written as 



El = ^Vl + x2 F{x) + 0(k°) , /« = ^Vl + x2>l , (1.6) 

v A v A 



F{x) 



1 



X 



Vl + x^ -x^ + 2(1 + x^) ln(l + x^ 



- (1 + 2a;2) ln[Vl + 2x^{x + Vl + x^) 



;i-7) 



^This resummation is formally true for small x but the result can then be extended to large x as 
well, see sect. 2. As we show in section 2, a natural quantity to be kept fixed in the "slow long string" 
limit is ^ In For S ^ J ^ \/A the difference between this variable and x is negligible. To have a 

smooth limit J — > one should, however, replace In j by InS* in eas. (|1.2p - (|1.4p . Let us mention that 
a discussion of the logarithmic scaling at the classical string side appeared also in [TH] . 
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with X defined in (11.31) . The counterparts of the "slow" and "fast" expansions (11.41) 
and (11.51) are now 



Ei{x > 1) 



EAx < 11 



3 In 2, S 27rV2lnln4 vr^jMnln^ 



vr ^"7+ A ln4 



In^f 



+ ... 



4A , 3^ 4A2 ,5 A5/2 , .S 
■ In"* - H — - In^ - H — In^ - + .. 



37r3J2 J 57^5 J4 J 37^6 J5 J 



;i.9) 



Figure 1 shows the plot of the 1-loop function yl + x^F{x): it illustrates that this 




Figure 1: Plot of the function Vl + x^F(x) 

function smoothly interpolates between the linear —x one at large x and — one at 
small X. 

Eq. (II. 8p provides further support for the universality of the In 5* coefficient in the 
quantum string energy, i.e. in the strong-coupling expansion: we reproduce the same 
In 5* term as was found earlier at J = as a regular limit of the large J expression. 

Checking this universality was one of our motivations in view of recent remarkable 
results [ini [TBI EQl ED (see also [22l |23]). This universality of the In^ coefficient at 
5* 3> J 3> 1 for lowest dimension states in the SL{2) sector was argued for at weak 
coupling in [15j (at one loop) and also more generally in ^24j. Following [15j and |24j . 
the work of [18j was based on the assumption that the coefficient of the InS" term is 
the same when computed at small J and at large J - large enough to be able to apply 
the asymptotic Bethe ansatz approach. 

The importance of eqs. (ll.2p . (ll.7l) is that they allow us to connect the In 5 terms to 
j~k jj^n 5 ^gj^jj^g -vvhich are "visible" in the thermodynamic limit in the weakly coupled 
gauge theory spin chain. Indeed, like the j In^ j term in (II. 5p which is reproduced [10] 
in the 1-loop SL{2) spin chain, the leading jklii^ f term in (II. 9p agrees precisely with 
the leading correction to the thermodynamic limit of 1-loop gauge theory chain found 
in [15] (see below). Thus the coefficient of the InS" term is encoded as a limit of the 
full string 1-loop correction determined from the string Bejthe ansatz p6l [T3l [22j by 
the EDS [12] part as well as by the 1-loop phase of [271 EH] 



The results of [20l [21] that confirm the agreement between the strong-couphng expansion of the 
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To connect (ll.5p . fll.9p to weakly coupled gauge theory let us recall that as was 
emphasised in [TB] , in the 1-loop gauge theory spin chain the logarithmic scaling A In 5 
appears universally in the thermodynamic limit J ^ oo provided In ^ ^ J: it takes 
over the leading-order "fast string" scaling j In j as one increases the value of the 
"gauge-theory" parameter [isj^ 



TT ln4 , . 

e.^. = ^. (1.10) 

Motivated by the analysis of the 1-loop gauge spin chain and also by the strong-coupling 
string result (11. 2p . ref. [15j made the following proposal for the all-order behaviour of 
the minimal gauge-theory anomalous dimensions in the region S ^ J ^ 1 with fixed 

oo 

E = s+j+jj2c^{mer , (1-11) 



n=l 



where 



C„(e < 1) = CnO + Cnli + C„2r + - , (1-12) 
Cn(e»l) = |S^ + -- (1.13) 

The terms in the "fast string" [21 [H] or BMN-type scaling (11121) with ^ < 1 which 
multiply c„i, c„2r-- scale as j, -j^-, ... and thus represent corrections to the thermody- 
namic J ^ oo limit. The large ^ scaling behaviour of Cn in (I1.13P translates into the 
familiar perturbative In S scaling 

E = S + J+ {ai\ + a2\^ + ...)\nS + ... . (1.14) 

The coefficients in ( 11.121) were assumed in to have no additional dependence on A. 

However, it is known [27] that in the strong coupling limit as described by string 
theory, where E is expressed in terms of A ^ 1 and the semiclassical string parameter 
X in (11.1 op (in which one can subsequently expand assuming x < 1) the "fast string" 
scaling (i.e. (II. lip written in terms of x) breaks down starting with x^ (or "3-loop") 
term. As we shall explain below, eq. (ll.9p provides a direct indication of that, in 
complete analogy with the results of [271 EZl [2H] for circular string solutions. The 
strong-coupling corrections to the dressing phase [28] translate [221 [S] into the weak- 
coupling correction which should contribute starting with 4-loop term in the weak- 
coupling expansion in (II. lip . 

This suggests that (11.110 viewed as an exact expression for the energy interpolating 
between weak and strong coupling regions should be modified following [271 EOl [18] : 



integral equation of 'M', TF" and the 1-loop result — -2-^ In S" is a check of the strong-to-weak coupling 
continuation of the S-matrix phase in [18J: the starting point of [18j was the strong-coupling expansion 
of the phase [22] which already encodes this InS" result. 

^At the transition point ^ ~ 1 the semiclassical expansion based on the thermodynamic limit of 
the Bathe equations breaks down [l5] due to the collision of the two cuts at the origin ^ . 
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most of the coefficients c„ in (11.111) except for the few leading "protected" ones should 
develop additional dependence on A, allowing, in particular, for the "3-loop" coefficient 
C30 to have different limiting values at A — * and A 00, Explicitly, one may expect 
(see also below) 

AS* In — In^ — 

E = S + J1 + jjln^- (cio + cii-y^ + ci2-j/ + ...) 

+ Y,\n'^{c2o + c,,-j^ + c,,{X)-j^ + ...) (1.15) 

+ ^In^f (c3o(A) + C3i(A)i^ + C32(A)i^ + ...) + . 

The functions c„fc(A) should have regular expansion at weak coupling, e.g.,B 

C3o(A < 1) = C3o,o + C3o,iA + 0(A2) , etc. (1.16) 

The weak-coupling coefficient 030,0 should be different from the strong-coupling one 
in (I1.5P (manifesting "3-loop disagreement" [25]) while the first violation of 
the "semiclasical" scaling 030,1 7^ at weak coupling should thus appear at four loops. 
The weak-coupling expansion of the dressing phase proposed in [18] suggests that a 
direct gauge-theory computation of this coefficient should give 030,1 ~ C(3)- 

Let us now compare (Il.lll) . (ll.l5p with the string theory predictions Eq + Ei in 
(ll.4p . (11.51) and (ll.8p . (ll.9p for the leading strong-coupling corrections. The leading term 
in (II. 9p has the same structure as the cn term in (I1.15p . Remarkably, like cio = ^ that 
matches pUj the coefficient of the leading In^ j correction in (ll.5p . its coefficient 
in (ll.9p is exactly the same as the 1-loop gauge theory coefficient 

Cll = -7^ (1.17) 

computed as the leading correction to the thermodynamic limit in the SL{2) Heisenberg 
chain in [15jJ^ 

Looking at higher orders, the C20 term in (I1.15P has the same form and should also 
have the same coefficient as the J~^ln^ j term in the classical string energy (II. 5p . i.e. 
C20 = We also observe that the absence of the In^ j term in the string 1-loop 

correction (ll.Qp is in full agreement with (11.150 : the sub leading 2-loop C21 term there 
scales as In^ ^ and should have the same coefficient as the corresponding term in 



(O, i.e. C21 = 
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Note that there is an ambiguity in how one sphts corrections between different terms, e.g., 
A^C22(A) and A'^C3o(A) which both muhiply J~^ln^ j in the brackets in (|1.15p . 

^The resuh for cn is given at the end of sect. 3.2 in [TS] (here s = | since the string states we 
consider are dual to scalar operators). We thank A. Belitsky for pointing this out to us. 

^°The coefficients C20 and C21 were not yet computed on the gauge theory side. It would be nice to 
check the above values directly by extending the methods of [H] to 2-loop order. 
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The non-renormalization of the few leading 1- and 2-loop coefficients in f ll.lSp in 
going from weak to strong couphng is of course expected on the basis of consistency 
with previous results for similar circular string solutions. The 1-loop and 2-loop lead- 
ing and the first subleading [31], [32l [33l [29l [SH [30] corrections to the thermodynamic 
limit should match precisely between gauge and string theory: the effect of the non- 
trivial phase in the Bethe ansatz should first become visible in leading thermodynamic 
limit and strong-coupling expansion only starting with terms of order in "semiclas- 
sical" expansion like fll.lSp J^^I 

Indeed, combining the In^ j terms in (ll.Sp and (11.90 and comparing them to 
(ll.lSp we conclude that as in [27] the presence of "non-analytic" A^/^ term in string 
1-loop correction [ST] [37] implies the renormalization of the "3-loop" coefficient C30 in 
([nSj): 

C3o(A»l) = 1 + ^ + 0(1) . (1.18) 

As was found in [27] on the examples of circular solutions in SL{2) [33] and SU{2) [^2] 
sector^ the non-analytic A^/^ correction in the string 1-loop energy should universally 
account for the difference between the string and gauge predictions for the coefficient 
of the A^ term, corresponding to the function 

c,{X) = l-^ + Oij) (1.19) 



in the dressing phase in the Bethe ansatz which should interpolate between 1 [26j at 
strong coupling and [12] at weak coupling. For example, in the case of Ji = J2 circular 



solution in the SU{2) sector one finds from the classical energy Eq = \/J^+Xrn^ and 
the 1-loop correction in [27] (see also appendix C in [30]) that the string prediction 
is Eq + El = ... + — -^^) + .... This is consistent with the above expression 

for the phase function (11.191) since it is known that in this case the BDS ansatz gives 
zero contribution at order [25] (for the discussion of the case of circular solution 
with Ji 7^ J2 see appendix A in [30]). Similarly, our present string result (11.180 will 
be consistent with the universal phase (I1.19P provided the weak-coupling gauge-theory 
coefficient 030,0 in (I1.16P is twice its strong-coupling limit, i.e. the classical string value 



^^The presence of higher-order corrections in the strong-couphng expansion of the dressing phase 
[22j corresponding to 2- and higher loop quantum string corrections and translating into the presence 
of further subleading terms in the strong-coupling expansion of the coefhcient C30 in (|1.15p (see (ll.lSp 
below) appears to imply that, in contrast to C20 and C21, the "1/J^" 2-loop coefficient C22 should not 
be protected when going from weak to strong coupling. Same should be true also for the "1/J'*" 
1-loop coefficient C14 in (|1.15p . etc. Similar remark should apply to the expansion of the energy of 
other semiclassical solutions (note that in the near-BMN case [35] the order at which weak-strong 
coupling non-renormalization should fail is shifted by one power of 1/J, see sect. 6 in [30'). It would 
be important to study in detail how the proposal for the dressing phase in [551 HH] extending [571 HH] 
to all orders modifies the "semiclassical" expansion originally conjectured in [MiSI]- We are grateful 
to N. Beisert for a discussion of this issue. 

^^Same result is found also for the circular solution [41j in the SU{3) sector [38] . 
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in ([LSD, i-e. 

C30,0 = ^ . (1.20) 

Again, it would be interesting to confirm this prediction by a direct computation on the 
gauge theory side, thus checking again the universal origin of the 1-loop phase [271 l2H] 
that corrects the string Bethe ansatz S-matrix [26] . 

We conclude that the structure of our 1-loop string result fll.6p appears to be perfectly 
consistent with all so far known facts about the strong coupling expansion of the Bethe 
ansatz. 



2 1-loop correction to folded {S, J) string energy in 
the "long string" approximation 

Let us now describe the details of the computation leading to (II. 6p . What follows will 
be heavily based on the results of [2]. 

Let us first recall the form of the folded string solution found in [2] (which generalizes 
the one in [U [T]) 

t = KT, p = p(cr), (p = ^''") if = VT . (2.1) 

Here t is global time, p is the radial coordinate in AdS^ and and ip are angles in 
AdS^ and 5*^ respectively, p is determined from 

p" = [k^ — oj"^) sinh p cosh p , p'^ = cosh^ p — uJ^ sinh^ p — . (2.2) 

The periodicity condition on p(cr) = p(cr + 27r) is satisfied by considering a folded string 
configuration. For < cr < 7r/2 the function p' increases from to its maximal value 
Po, while for 7r/2 < a < vr, p decreases from po to 0. It is useful to introduce the 
parameter 77 as 

2 2 

coth' Po = % "''^ = 1 + r?, > (2.3) 



The periodicity condition implies 



1 1 



The non-zero charges are the energy E and two angular momenta 5* and J 

E = y/Xn I — cosh^ p = \fXS, S = VXuj [ — sinh^ p = VXS, J = \f\v 
Jo 27r JO 2n 

(2.5) 

where S = k, + -S and 

S = ^—^.fJ-'-Ii;-'-), S= , " ^.F,fl,^;2;-1) (2.6) 
V/€2 -u^^ V 2'2' ' r]J' - 2r/7^ 'V2'2' ' 7]) ^ ^ 
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The above hypergeometric functions can be expressed in terms of standard elliptic 
integrals (see PH]). 

Below we will be interested in the particular "long string" limit po oo, i.e. rj ^ 1, 
in which the computation can be drastically simplified assuming one is interested 
in the leading large k correction to the string energy. In this limit 

k'^ ^ + \\io^r], ^ u'^ + ^{l + 7])\n^r], — (2.7) 

TT"^ TT^ rjlnr] 



i.e. K ~ a; and S ^ 1. To describe both the "slow long string" and the "fast long 



string" limits we consider a special scaling of z/ = ^) such that 



u = - (2.8) 

is kept fixed in the long string limit r/ — ^ 0. By using (12.71) we see that this scaling 
implies that 

Inr? ^ 2k 2 1 , , 

' — ^ — ^^=-, (2.9) 



and, therefore, the parameter k is expressed through the spin S and the parameter u 
as follows 

^Jn(|5) + >(1-.') p^^j 

Taking into account that -u = ^, we find that u as a function of u and S is given by 
the solution of the following equation 



"""" His) + \Hi-u^)- ^^-^^^ 

In the large S limit, and m < 1, and not approaching 1, the solution of this equation 
takes the form 

^ ^ ^ 2.12 

where we replaced ln(|5) by In 5. It is worth noting that we do not assume here 
that u is small. This formula is valid for large 5, and any finite m < 1, e.g., for 
u = 1/2. Since u is kept fixed in the large S limit, eq. (l2.12l) also implies that the ratio 
u/\n.S ~ J/lnS" is fixed too. Taking into account that k = ^, and that in the long 
string limit E — S ^ \/Xk, we get the following expression for the classical energy 

E,.S.^,.sf^'^f7^^. (2.13) 
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Expanding this in powers of we recover the expression derived in [2]. 

To consider the "fast long string" case with S ^ u ^ In^ corresponding to the 
hmit u — > 1, we introduce the variable y such that 



1-u' 



(2.14) 



and take the large u limit assuming y <^ v. Then the equation (12. lip for u takes the 
form 



y' 



y 



ln(f y) ' 



(2.15) 



and for S* ^ z/ we get 



In^ 

V 



In^ 



(2.16) 



1 + 



This leads to the following expression for the energy of the fast long string 



u_ 

vr^z/^ 



J 



(2.17) 



first derived in [TJ] and already quoted above in (11.21) . 



To compute the 1-loop string correction to the classical energy we shall start with 
the bosonic fluctuation action in conformal gauge as found in |2j: I = Ii + I2, where 



+ 4p(/€ sinh p dot — oj cosh p 



(2.18) 



All 



(fa 



2„;.2 

s 



(2.19) 



and 



nt = 2p'^-K^ + v\ pl = 2p" -uj^ + v\ p^p = 2p" -K^ + 2u 



'2 



12 



nif. 



2p'2 + z/^ 



Here (i = 1, 2) are fluctuations of two angles of AdS^ transverse to AdS^ in which 
the string is moving; ips (-5 = 1,2, 3, 4) are fluctuations of four directions transverse 
to the center of mass motion. 

Solving for the spectrum of fluctuations in general is a difficult task since p is a 
non-trivial (elliptic) function of a. Fortunately, in the long string limit the fluctuation 
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action can be brought to more tractable form. To this end we may first perform a field 
redefinition 



1^ ^ 

X = 0coshp tsinhp, C = — 0sinhpH tcoshp (2.20) 

to CO 

which simplifies the cross-term on the second line in (12.181) when k, ^ uo a.sis true in the 
long-string limit (12. 7p when rj ^ with u = ^ fixed. It was shown in [2] (see section 
6.2 there) that in this limit p' is approximately constant and is equal to 



p' ^ ±Vk2 - z/2 , p" ^ . (2.21) 

except at the turning points = f , ^ where p' = 0. As was argued in (and as 
in a similar situation in [3S]), contribution of these isolated points may be ignored in 
the computation of the spectrum to leading order in large k. Then the action (12.181) 
expressed in terms of the rotated coordinates x ^-^id ( has constant coefficients 



(2.22) 



and thus the spectrum of characteristic frequencies is readily computable. We find 
that one combination of the AdS^^ modes P is massless, and thus, like the massless 
mode (p in (I2.19p . it does not produce nontrivial contribution to string energy!^ The 
remaining two modes have the following frequencies 



n±„ = + 2^2 ± 2 Vk^ + nV2 , n = 0, ±1, ±2, ... . (2.23) 

In addition to these two AdS^^ modes there are also 2 transverse AdS^ bosonic modes 
with mass m| ^ 2^2 — and 4 transverse 5*^ bosonic frequencies with mass . 

As was shown in j2j, after the K-symmetry gauge fixing (and before making any 
approximations) the quadratic fermionic part of the AdS^ x 5*^ superstring action 
reduces to the standard action for 4 + 4 2(i Majorana fermions with p((T)-dependent 
masses mp = p'^ + ■ In the "long string" approximation the square of these 
masses becomes approximately constant and equal to vn^p ~ k2, so that the fermionic 
frequencies are 

^Fn ~ Vn2 + k2 . (2.24) 

Therefore, the 1-loop correction to the string energy can be written aJ^ 

1 oo 1 / °° 1 \ 

E,^- E i^„ = - E^^n + ^^o , (2.25) 

n=-oo ^n=\ ^ ^ 



^•^The contribution of these two massless decoupled modes is cancelled against the conformal gauge 
ghost contribution [2]. 

^"^The zero-mode contribution in a similar equation (6,6) in [5] was omitted since it gave only 
subleading contribution to the energy. Same will apply here. 
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where 



Kn = n+n + fi-n + 2Vn2 + 2/t2 - z/2 + 4Vn2 + z/2 - 8Vn2 + k2 . (2.26) 

It is easy to check that this sum is convergent in the UV. For z/ = this sum reduces 
to the expression of [2] found in the J = case in the static gauge. This confirms that 
the computations in the static gauge and the conformal gauge agree as they should. 
Here we are interested in the value of the sum fl2.25p in the scaling limit (12.81) when 

/? = ->!, u = fixed . (2.27) 
u 

As in [2] (see also [301 HI]) the leading large k asymptotics of the sum in (12.251) can be 
found by replacing it by an integral 



El ^ K dp 
Jo 



p2 + 2 + 2^1 + M2p2 + ^Ip2 + 2 - 2^1 + M2p2 

+ 2y'p2 + 2-u2 + 4y'p2 + ^2_8^p2 + l +0(/t°). (2.28) 

This integral happens to be essentially the same as in the case of the 1-loop correction 
to the energy of the circular Ji = J2 string solution in SU{2) sector [HI HOJ considered 
in [27] and in Appendix C of [30j. The precise relation between the parameters is 
as follows: k, in [30] is u here, and the winding number m in [30] is replaced by the 
imaginary value i^/ k? — v'^ here (recall that the circular solution of [H] is unstable 
unless VP? is formally less than 1 or negative; the folded string solution considered here 
is stable). Finally, the rescaled angular momentum J = y/ — m? in ^30j corresponds 
then K here. 

The reason why these two 1-loop expressions are related in this curious way is as 
follows. In the long string limit of the folded string solution eq. (]2.2ip implies p ~ 
mcT, m = ±V H? — z/2, i.e. linear in a. But then the above AdS^ x 5*^ {ds^ = dp^ — 
cosYi' pdt^ + sinh^p(i02 -|- dip^) configuration with uj i.e. t = kt, ~ kt, p 

mcr, (p = VT is related by a formal analytic continuation as in [10] to the Ji = J2 
circular string solution va. R x {ds^ = —dt'"^ + dO"^ + cos^ Od^p'^ + sin^ Odip2) taken 
in its original (unrotated, cf. [40j) form given in [I4j: t' = k't, 9 = m'a, (fi = (f2 = 
w't, w' = Vk, — m'2 

The evaluation of the integral (I2.28P is thus done in the same way as in [30] - by 
introducing an UV cutoff, doing individual integrals and then taking the cutoff to 
infinity. Using the identity 



p2 + 2 + 2a/1 + M2p2 + p2 + 2 - 2a/1 + M2p2 = ^4^2 + + ^^2 + 4 _ 4^2) 



^^Under the continuation t ^ ip'^, p iO, cf) ^ (p'2, tp ^ t' and one is to change the overall sign 
of the action. 
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and changing the variable in the corresponding integral {p ^ z = p + y^p'^ + 4 — 4u'^) 
we end up with 



Ei^ — 

u 



1 - - VT^ 



+ (2 - v^) ln[V2 - + Vl - ^2)] + 2u^ In 



+ 0(/s:°) . (2.29) 



Written in terms of x in (11.31) and u = ^ {k = ^, u = yj^^) this is the same 
expression as was given earlier in (1 1.61) . (1 1.71) . 



3 Concluding remarks 

In this paper we computed the one-loop string correction to the energy of folded {S, J) 
string in a special "long string" limit, confirming the universality of the In S coefficient. 

It would be interesting to reproduce this one-loop correction by starting with the 
quantum string Bethe ansatz. It would give an additional nontrivial check of the one- 
loop correction [28] to the AFS phase [26]. The new scaling in i/ = ^ in the large 

iS = ^ limit (preserving the leading In S behavior of the string energy but leading to 
a nontrivial dependence on the parameter u in (12.111) ) which we considered in section 2 
may serve as a regulator of the complicated singular integral equations describing the 
two-spin folded string case in the BA approach. 

As we mentioned in section 1, there are few perturbative gauge-theory computations 
of the leading coefficients in (ll.lSp that remain to be done in order to check explic- 
itly the correspondence between our results and the expected "dressed" Bethe ansatz 
picture. It would be interesting also to understand the meaning of the InlnS* terms 
appearing in the subleading terms in strong-coupling result (11.81) on the gauge theory 
side. 

On the string-theory side, it would be very important to find the 2-loop string- 
theory counterpart of the 1-loop correction discussed here. This computation may be 
feasible in the "long-string" limit where the string fluctuation Lagrangian is expected to 
simplify. This would lead to many new checks of the proposed dressing phase [22], [18] . 

Among other possible string-theory generalizations, let us mention the computation 
of 1-loop correction to the energy of long rotating strings with n spikes ^36] (with small 
or large n > 2) and also the computation of 1-loop energy of strings with two spins 
(5*1, 5*2) in AdS^ [IS]. This may shed further light on the universality of the logS* 
scaling and the properties of the quantum string Bethe ansatz. 
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